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Abstract
A review about spinor fields is presented, constructing a outlook through
the last century. Spinor was explored in many contexts more and more
in the last decades. Besides this, more papers about this issue has been
produced in the last decade than in the others before it. As examples,
classifications of spinor fields on the bulk and on compactified 7-manifolds
done by the author are revised and some results about spinor fields on this
contexts are explored, like generating of brane by singular spinors in the
bulk, invariants on five-dimensional black holes and spectral decomposi-
tion of a quantum field on compactified dimensions at low energies.
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1 Introduction
Many studies around Clifford algebras, and his useful derived objects called
spinor, has been motivated by physical and mathematical reasons. Besides this,
this issue was explored in many contexts. Through the history many progress
took place, since remote times. We know that since the beginning of civilization,
the set of numbers and the set of mathematical objects has been increased at
facing new problems and challenges in human society.
The history maybe starts with the Hamilton’s attempt in construct a geo-
metric algebra with three dimensions and his discovery about the quaternions
as an extension of the complex number set. After this, other extensions was
constructed. Among them, Grassman built the exterior algebra. Clifford enu-
merated his quadratic geometric algebra in a table of classification, which have
periodicity eight, as it was shown by Cartan. Cayley explored a interacted pro-
cess to weaken properties in extension of algebras, like real number are extended
to complex number losing the duality property (z¯ = z) and complex to quater-
nion losing the commutativity [1]. Geometric constructions inside physical and
mathematical scenarios was facilitated with those new algebraic tools, beside
this new intuitions and insights about such themes arises, because his more ge-
ometric nature. Like example, spin groups was used to represent rotation by
Lipschitz, Riesz wrote the exterior product using the Clifford product.
It is interesting to remember that a Clifford algebra starts from a vector space
and a quadratic form and that the “spinor field” idea, which is used to describe
fermions and started to be explored in the begin of the last century [2], is con-
structed from such algebra as a double covering of the special orthogonal group
SO(n) [3, 4]. Besides, they were classified on Minkowski space by Lounesto [3]
and so on many exploration was done at this branch. It is interesting to salient
that one the firsts to mention the term “Lounesto’s classification” was Romo in
a paper of 1993 [5], as it is accused in the Google Scholar. Thenceforth, many
aspects have been explored.
2 Goal
Here we are interested in a short review on the last studies about Clifford
algebra and spinor fields, in their classification on some spaces, like the bulk
and compactified spaces, such examples are important to fermions dynamics in
quantum gravity. Besides this, a spinor quantum field is introduced to com-
pactified spaces at low energies; a type of spinor field on the bulk degenerate
in another that generate the brane; and the classification of spinor fields on the
bulk is corroborated by a verification that the components of the bilinear form
on the bulk fill out all the invariants construct with the spinor field.
2
3 Bilinear Covariants and Spinor classification
on Minkowski space
Bilinear covariants are constructed with spinor fields and can be used to
classify them, through some constraints named Fierz identities and can be
associated to observable of quantum fields. This classification was done in
Minkowski space by Lounesto, where he listed his six classes of spinors, be-
ing three named regular spinors and the others three named singular spinors,
specifically: flagpole, flag-dipole and dipole [3]. A similar work was done in
five-dimensional Lorentzian spaces, in particular in the bulk [6], and in seven-
dimensional Riemannian[7] and Lorentzian [8] spaces, as important examples
can be considered the seven-sphere (S7) and the seven-dimensional Anti-de Sit-
ter space (AdS7) respectively. Those classification, other few results about
spinor fields and their applications on physics are reviewed here.
Given a spinor field ψ on the Minkowski space, bilinear covariants are written
as follows:
σ = ψ¯ψ, (1a)
J = Jαθ
α = ψ¯γαψ θ
α, (1b)
S = Sαβθ
α ∧ θβ = 12 iψ¯γαβψ θ
α ∧ θβ , (1c)
K = Kαθ
α = iψ¯γ5γαψ θ
α, (1d)
ω = −ψ¯γ5ψ , (1e)
where γ5 := iγ0γ1γ2γ3 is the volume element in Minkowski spacetime [9]. They
can be used to describe the observables of the electron [10, 11]: the current
density corresponds to J, S is the spin density, the chiral current is denoted
by K and ω gives spinor indications under the CPT symmetry. Obviously, all
them are bilinear on the spinor field ψ and some constraints result from them,
through the Fierz identities, which are written with such bilinear covariants [3]:
−(ω + σγ5)S = J ∧K, KyK+ JyJ = 0 = JxK, J yJ = ω
2 + σ2 . (2)
These constraint, that are valid only for regular spinors, can be generalised to
encompass the singular spinor case also, transforming the constraints above in
the following expressions with a much better appearance [12]:
ZγµZ = 4JµZ, Z
2 = 4σZ, iZγµνZ = 4SµνZ,
−Zγ5Z = 4ωZ, iZγ5γµZ = 4KµZ. (3)
From these constraints, and other not represented here, comes the classification
of the spinors obtained by Lounesto. Many aspects around the Fierz identities in
the relativistic field was explored in some papers recently: All them are reduced
to only one equation through extended Cartan map [13]. Inversely, Fierz iden-
tities are used to reconstruct the spinors [14]. Completeness and orthogonality
relations are obtained through Fierz identities [15, 16], where it is constructed
an equivalence between tensor and spinor representations. Computations of
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constraints involving the exotic term of Dirac equation [19, 17, 18], a general
comprehension about the Elko spinor together its relation with the Dirac spinor
[20], a action in supergravity for each type of spinor [21], some aspects on the
Dirac operator [22] and a result about Hawking radiation obtained from black
string tunneling [23, 24].
Summarizing, the Fierz identities provide constraints to the bilinear covari-
ants, and consequently to the spinor fields ψ, splitting all the set of spinor fields
on the Minkowski space into such six classes described below, besides other
three classes with null current density, which can represent ghost states [25]:
regular


1) ω 6= 0, σ 6= 0,
2) ω = 0, σ 6= 0,
3) ω 6= 0, σ = 0,

 − J 6= 0, K 6= 0, S 6= 0 (4)
singular ω = σ = 0, J 6= 0 ,


4) K 6= 0, S 6= 0 (flag-dipole spinors)
5) K = 0, S 6= 0 (flagpole spinors)
6) K 6= 0, S = 0 (dipole spinors)
(5)
“ghosts′′ ω = σ = 0, J = 0 ,


7) K 6= 0, S 6= 0
8) K = 0, S 6= 0
9) K 6= 0, S = 0
(6)
All classes with J 6= 0 was found to have at least a possible physical rep-
resentative. This result was fruit of exploration of those spinor fields in many
contexts by many authors. Flagpoles was considered in the context of cosmol-
ogy recently [26] and proposed to be dark matter candidate in many scenarios
[19, 17, 18, 28, 29, 27]. Majorana and Elko [31, 27, 32, 33, 26, 29, 23, 48, 21,
34, 20, 36, 37, 38, 39, 28, 30, 40, 41, 42, 43, 44, 45, 46, 47, 35] spinors fields are
examples of flagpoles realisations. In the same sense, Weyl spinors are examples
of dipole spinors and, recently, it was found a missing example of flag-dipole in
ESK models of gravity like solutions of the Dirac equation in a background with
f(R)-torsion [49].
4 Bilinear covariants of Spinor Fields on Arbi-
trary Dimensions and Signatures
The bilinear covariants written with the spinor fields in Minkowski space
can be extended to spaces M of arbitrary dimensions n and signatures p + q.
Observables of the spinor ψ are, in the same way that in Minkowski space,
associated to their bilinear covariants, as shown in the previous section. In such
construction, the dual spinor is identified to the conjugation ψ¯ = ψ†γ0. This is
generalised, if it is considered a hermitian operator A = A†, in this way the dual
spinor is written as ψ¯ = ψ†A−1 and the bilinear covariants can be expressed by
the following expressions [50, 51, 7]:
4
B0 = ψ¯ψ,
...
Bα1...αk =
1
n! ψ¯γα1 · · · γαkψ; k < n,
...
B1...n =
1
n! ψ¯γ1 . . . γnψ.
As it was previously mentioned, the classification of the spinor fields in
arbitrary dimensions and signatures comes from the Fierz identities built with
their respective bilinear covariants. However, besides this, it is necessary to
introduce the homomorphisms D and J , which provides structures for the space
of spinors. The homomorphism D is named real structure and implements the
complex conjugation, for other side J is the complex structure that is equivalent
to multiplication by the imaginary unit
ψ∗ := D(ψ), J2 = −1. (7)
Depending on the dimension and signature of the space, the structures D and
J can constraint the bilinear covariants [52, 53, 54, 55, 56, 57].
5 Spinor Fields on seven-dimensional Riemma-
nian spaces
It is intended a classification of spinor fields on Riemannian spaces of seven
dimensions, in particular on S7, that is an important case in compactified space
of 11-dimensional supergravity (AdS4 × S
7) [58, 59, 60]. The real and com-
plex structures provide constraints on spinor fields, that are fixed by the Fierz
identities. In such way, Majorana spinor on such spaces, that are the only
class of spinor existent in the literature, are extended through complexification,
resulting in other two new non-trivial classes of spinor fields [52, 7].
The importance of this classification resides in the physical aspects of the
results that will come from the exploration of spinor fields on seven dimensional
compactified spaces [52, 3, 61, 58, 59, 7], in the same way that spinor fields
classification in Minkowski space in accord to Lounesto has empowered unex-
pected discover and a large path of new physical approaches and new particles
[28, 29, 27, 48, 19, 49, 62, 63, 64, 35].
Given a Majorana spinor ψ and a bilinear form B. The number of non-
null bilinear covariants can be reduced through the constraint coming from the
property of being Majorana spinor and from the symmetry of B. The first
gives that B(ψ, γAψ) can be different from zero, only if |A| is even, where
A is a multi-index and |A| is its degree. The second one gives B(ψ, γAψ) =
(−1)|A|(|A|+1)/2B(ψ, γAψ) can be non-null, only if |A| = 0, 3, 4, 7. Hence, B(ψ, γAψ)
can be zero, except if |A| = 0, 4. Then, it remains only the possible non-vanishing
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bilinear covariants φ0 = ψ¯ψ and φ4 = ψ¯γijklψ. If the Fierz identities are im-
posed, they are reduced to the following expression:
(φ4 + 1) ◦ (φ4 + 1) = 8(φ4 + 1), (8)
where ◦ is the Clifford product. This fix the inequalities for the bilinear covari-
ants and it constraints the Majorana spinor to only one class, as it is knew in
the literature [52, 7].
The complex (J) structures, which is equal to the volume element γ1 · · · γ7 in
seven dimensions, and the real (D) structure are used to construct other three
bilinear forms:
B(ψ, JγAψ), B(ψ,DγAψ), B(ψ, JDγAψ). (9)
It can be verified that the constraints found previously are identical to the con-
straints correspondent to second bilinear form above. It is possible to infer also
that the first and third form are equivalent. Because this, without redundan-
cies, it remains only the constraints coming from the first form. In this way,
a selection rule and the symmetry of the bilinear form provide that the bilin-
ear covariant B(ψ, JγAψ) is different from zero if, respectively, |A| is odd and
B(ψ, JγAψ) = (−1)
|A|(|A|+1)/2B(ψ, JγAψ), i.e., |A| = 0, 3, 4, 7. Summarising,
B(ψ, JγAψ) vanishes, except if |A| = 3, 7. The case |A| = 3, that refers to the
bilinear form (ψ, Jγijkψ)e
ijk that has a correspondent in the literature, because
this form can be associated to the three-form torsion gauge, which is being to
much extensively explored in the last decade [58, 65, 66, 67, 68, 60, 59, 61].
However, there is a Hodge duality (⋆ · ) that relates the two important bilinear
forms: 1|A|!B(ψ, JγAψ)e
A = ⋆ 1|A′|!B(ψ, γ
′
Aψ)e
A′ , where |A| + |A′| = 7. Because
this fact, the constraints coming from the bilinear covariant B(ψ, JγAψ) do not
provide any new information to the classification of the spinor field ψ [52, 7].
Finally, a general classification of the spinor fields on seven-dimensional Rie-
mannian spaces is obtained, if the bilinear covariant B(ψ, γAψ) is complexified
into a more general bilinear form, as follows:
β(ψ, γAψ) = B(ψR, γAψR)−B(ψI , γAψI) + i [B(ψR, γAψI) +B(ψI , γAψR)] , (10)
where ψR denotes the real part and ψI denotes the imaginary part. In this case,
some cancellations enable null and non-null bilinear covariant values. Indeed,
those guarantee the following more general classification for arbitrary spinor
fields on seven-dimensional Riemannian spaces:
ϕ0 = 0, ϕ4 = 0, (11a)
ϕ0 = 0, ϕ4 6= 0, (11b)
ϕ0 6= 0, ϕ4 = 0, (11c)
ϕ0 6= 0, ϕ4 6= 0 . (11d)
It is noticed two new classes of spinor fields: one regular and other singular.
These new classes can result in new possible candidates to fermion particles at
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low energy in spontaneous compactifications of D = 11 supegravity [58] and,
besides this, it arises interesting possibilities about physical solutions in the
massless sector of gauged N = 8 supergravity theory [60, 7]. Fot other side,
added to the contexts of the Killing spinors and parallelizable seven-sphere
[61, 69], the dynamic of those spinor fields in each class enumerated above
can be explored beginning with the Lagrangian terms, which in a quaternionic
realization assume the form:
M = tr(ψ¯ψ) (12)
Mα = tr(ψ¯γµψ) (13)
Kβγ = tr(ψ¯γ
αγβγ∂αψ) (14)
Kδ = tr(ψ¯γ
µγδ∂µψ). (15)
Because our classification, we can infer that only the massive term contributes.
Hence, this implies that in last instances in low energies does not exist dynamics
to fermionic fields on the seven-dimensional compactified spaces [7, 70]. As
it was shown by Toppan [70], the terms of the Lagrangian that need to be
considered depend on the realisation taken in consideration. It is interesting to
observe that the quaternionic realisation above is the most plausible, because
the other realisations: real and octonionic, prohibit at first the existence of
kinetic terms. In such way that in such realisations only appears non-Weyl
mass terms of the type M⊥ = tr(ψ¯+ψ− + ψ¯−ψ+) [70].
5.1 Some considerations about Compactifications
The fermionic fields classification that we proposed play a fundamental role
at compactified models in D = 11 supergravity. The first compactification mod-
els was proposed in the begin of last century by Klein, who improved a model
of unification in five-dimensional spaces [71, 72, 73], where was proposed one
the first tentatives in unify the gravity force with other force. The improvement
of Klein consisted into decomposing the scalar field in a Fourier serie through
compactifying a dimension into a circle [71]. Similar procedures can be done in
high-dimensional spaces. For example, in a two-dimensional compactification
with sphere form, the scalar field ϕ can be decomposed in a spherical harmonic
serie, and go on for high-dimensional spheres. This gives the following interpre-
tation: “For q compactified dimensions, a non-massive theory in 4+q dimensions
results in a massive theory in 4 dimensions” [71], as represented by the equation
below.
4+qϕ = ( +∇q)ϕ = (+m
2)ϕ. (16)
The next step would be to quantize the field, for this intuit, look that the
fermionic quantum field in Minkowski space takes free value of momentum
(modes) [51]:
ψ(x) =
∫
d4p
(2π)4
∑
i
(
as
p
us(p)e−ip·x + bs†
p
vs(p)eip·x
)
. (17)
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In this way, consider the state Ψ on the compactified space M4 × Kq, where
M4 is the space-time and Kq is a q-dimensional compactified space. It is de-
composed like Ψ(x, y) = ψ(x)Ψq(y). Hence, observe that in Ψq there is creation
and annihilation operators associated to each harmonic spherical (mode) in the
discrete spectra. The field factor Ψq is denoted at low energy on Kq by:
Ψq(y) =
∑
In
[
Y Inn (y)uInaIn +
(
Y Inn (y)
)
u∗InbI∗n
]
, (18)
where I∗l,m = Il,−m is a multi-index and aIn , bI∗n are operator valued coefficients.
6 Spinor Fields on the Bulk
Given their importance on studies in brane theories, it is intended here to
review the classification of spinor fields on the bulk [74]. A similar procedure
to shown above in four and seven dimensional spaces is done in four plus one,
specifically, in the bulk [6]. Consider a bilinear form B on the bulk, the deal with
spinor fields on the bulk is more elaborated than in seven dimensions, because
it is necessary to introduce quaternionic structures Ji, that satisfy the relations
[52, 6]
JiJj = −δij + ǫ
k
ijJk. (19)
Nevertheless, the proceture to classify spinor fields on the bulk is much similar
to approached in the previous section at seven dimensions. The constraints
come from the form symmetries and selection rule, and classes are fixed in a
classification by the Fierz identities. Then, from the symmetry of B, the bilinear
covariants are constrained by
φA := B(ψ, γAψ)e
A = (−1)
|A|(|A|−1)
2 B(ψ, γAψ)e
A.
This implies that B(ψ, γAψ) is zero, except if |A| = 0, 1, 4, 5.
The quaternionic structures are used to construct other three bilinear forms
B(ψ, JiγAψ), from whose symmetries comes other constraints for the spinor
fields on the bulk. Explicitly, the bilinear form is constrained by
φˆiA := B(ψ, JiγAψ)e
A = (−1)
|A|(|A|−1)
2 +1B(ψ, JiγAψ)e
A,
that vanishes, except if |A| = 2, 3. From where arises other possibly non-
vanishing six bilinear covariants. However, the number of bilinear covariants
is cut by half, because the Hodge dualities φA = ⋆φA′ and φˆ
i
A = − ⋆ φˆ
i
A′ , where
|A|+ |A′| = 5. Then, only the following bilinear covariants remain: φ0, φ1 and
φˆi2, where i = 1, 2, 3, which are the only ones possible to be non-null. Besides
this, the Fierz identities
φ1 ◦ φ1 −
∑
i
φˆi2 ◦ φˆ
i
2 = 7(φ0)
2 + 6φ0φ1, (20)
φ1 ◦ φˆ
i
2 + φˆ
i
2 ◦ φ0 +
∑
jk
ǫijkφˆ
j
2 ◦ φˆ
k
2 = 6φ0φˆ
i
2 (21)
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fix them to form only one class, as found in the literature [52, 6]. This class can
be extended through a kind of complexification to encompass arbitrary spinor
fields on the bulk
βk(ψ, γAψ) = B(ψ, γAJ1ψ)− iB(ψ, γAJ3ψ). (22)
Through this process, it is found other six non-trivial class of spinor fields on
five-dimensional Lorentzian spaces like the bulk, where three are regular spinor
fields and the other three are singular [52, 7, 6], as it is shown below:
regular − φ0 6= 0,


φ1 6= 0,
{
φˆi2 6= 0,
φˆi2 = 0,
φ1 = 0,
{
φˆi2 6= 0,
φˆi2 = 0,
(23a)
singular − φ0 = 0,


φ1 6= 0,
{
φˆi2 6= 0,
φˆi2 = 0,
φ1 = 0,
{
φˆi2 6= 0,
φˆi2 = 0,
(23b)
.It is important to salient that the contributing terms of the Lagrangian for each
class of spinor fields depends on its realization [70, 6], but this is beyond the
scope of this paper.
6.1 Degeneracy of the flag-dipole Spinor into a dipole
spinor generating of brane
Spinor constrained to the brane contained in the bulk must obey the clas-
sification for spinor fields in Minkowski space [3, 74, 6]. In this way, it can be
analyzed if a spinor field in a given class generate brane or does not, calculated
the coupling constants and his correspondent energy density, and how this occur
[74, 6]. Given a scalar field ϕ massless on a Randall-Sundrum background
ds2 = exp(−2A(r))ηµνdx
µdxν + dr2, (24)
the graviton modes can be calculated and their masses [74]. If a fermionic spinor
field represented by ψ = (a(r), 0, b(r), 0)⊺ is added to this system, the spinor
components can be solved through the Dirac and Einstein equations
Ra
A −
1
2
ea
AR = χTa
A + ea
AΛ, [i /D −m+ λ(ψ¯ψ)] = 0, (25)
and be expressed in terms of the extra dimension and of the coupling constant.
Additionally, the energy density can be computed, resulting in T 00 = −2 [74, 6].
If instead to consider the spinor field given above, we do different and we
consider a two-components flag-dipole expressed by ψ = (a(r), 0, 0, b(r)) and
the metric ds2 = ϕ2(r)(ηµνdx
µdxν)− dr2, we surprisingly found a null energy-
momentum tensor. Because, such flag-dipole does not generate brane and does
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not have existence. However, from the constraint T0¯
1 = 0 = ϕ′(r)a(r)b(r), we
can infer that the flag-dipole degenerate into a one-component dipole spinor
field ψ = (a(r), 0, 0, 0)⊺, whose component and the correspondent metric can be
computed [65, 74, 6]
ϕ(r) = ϕ0exp(±r
√
Λ/6), a(r) = a0exp(∓r
√
2Λ/3). (26)
6.2 Invariant on axisymmetric black holes
Consider a five-dimensional axisymmetric and stationary black hole and a
observable Killing vector ξµ on it. The results obtained in the begin of this
section can be corroborate here through this example. There is a current vector
Jµ associated and equal to this Killing vector. If a null Killing vector in the
event horizon is translated from the black hole neighborhood to the spatial
infinity it became a time Killing vector, but the one-form current density is
preserved in the fu¨nfbein basis eA = eAµdx
µ [75, 76, 77, 6]. If it is imposed the
contraint to the spinor field ψ: (γ0 ± γ5)ψ = 0, it is expressed in components
like ψ = (α1, α2, α1, α2)
⊺. In a given representation to the gamma matrices on
the bulk with signature four plus one
γ0 = iσ1 ⊗ 12, γ
k = −σ2 ⊗ σk, γ4 = σ3 ⊗ 12, (27)
the Killing vector is represented by:
ξµ = ∂t +Ω1∂φ1 +Ω2∂φ2 , (28)
where φ1, φ2 and Ω1,Ω2 denote the related two azimuth angles and two azimuth
angular velocities from the angular coordinates of the sphere S3 correspondent
to the five-dimensional black hole.
Remember that there are three bilinear forms on five-dimensional Lorentzian
spaces that can be non-vanishing and can represent observables associated to
the spinor field ψ:
φ0 = ψ¯ψ, − normalization (29)
φ1 = ψ¯γµψe
µ, − current vector (30)
φˆi2 =
1
2
(
ψ¯Jiγµνψ
)
eµν − dual spin. (31)
The constraint imposed on ψ permits to write all the bilinear form in function
of the components of ψ. This implies in redundancies on the bilinear forms
components, which the different ones reduces to the following four terms:
|α1|
2 ± |α2|
2, α†1α2 ± α
†
2α1. (32)
It is important to say that these components fill out all the invariants that can
be constructed on the five-dimensional Lorentzian spaces with the spinor field
ψ constrained [6].
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7 Conclusion
In this work, we reviewed some aspects of the studies about spinor fields
on some spaces like on Minkowski space [3], on seven-dimensional Riemannian
spaces [7], for example S7, and on five-dimensional Lorentzian spaces [6], for
example the bulk. Besides a general expression for bilinear covariants that are
listed on spaces of arbitrary dimension and signatures [7]. Summarizing, the
author obtained in previous papers two new non-trivial classes of spinor fields
[7], in particular, on seven-dimensional compactified spaces, which play a very
crucial rule on D = 11 supergravity, beside six new non-rivial classes of spinor
fields on the bulk [6].
Studies about compactification permit us to write the quantum field to
fermionic particle at low energies on compactified spaces. Besides this, a view
around brane enabled us to verify that the flag-dipole spinor degenerate into the
dipole spinor, which generate brane in the bulk. For other side, an analysis on
the cosmological point view through axisymmetric black hole permitted us infer,
given the constraint for the spinor field: (γ0±γ5)ψ = 0, that bilinear covariants
components fill out all the invariants, which can be built with a spinor field on
five-dimensional Lorentzian space.
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